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Abstract
A functorial derivation is presented of a scalar heat-kernel expansion
coefficient on a manifold with a singular fixed point set of codimension
two. Conformal transformations are considered and the relevance of
an evanescent extrinsic curvature term is pointed out.
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In an interesting article, Fursaev [1] has employed the general technique of
Donnelly [2] to evaluate a particular heat-kernel expansion coefficient for a manifold
with a singular fixed-point set of codimension two, the relevant underlying symmetry
group therefore being O(2) (with Killing vector ∂∂φ). The singularity at a fixed point
is a simple conical one in the sense that, near a point of the fixed-point set, which
we denote by N , the manifold Mβ takes the product form Cβ × N where Cβ is a
cone of angle β. When β = 2pi there is no singularity and M2pi ≡ M is smooth.
Away from N ,Mβ andM are locally identical. As a totally geodesic submanifold
ofM, N has vanishing extrinsic curvatures.
The object of this letter is to present a simpler derivation of Fursaev’s expres-
sion and to draw attention to the consequences of conformal invariance.
The integrated heat-kernel expansion is written
K(t) ≈
1
(4pit)d/2
∞∑
n=0,1/2,...
Cnt
n =
1
(4pit)d/2
∞∑
n=0,1/2,...
(An +Dn)t
n (1)
where An is the usual volume integral, overMβ, of a local, scalar density involving
the curvature of M. Dn is a generalised boundary term. For simplicity we as-
sume that M, and therefore Mβ, does not have a conventional (codimension one)
boundary. The conical singularity is then responsible for Dn.
The easier case whenM is flat has been treated earlier and some special curved
situations have also been examined [3–6].
Both An and Dn depend on the conical angle β, the first quantity in a trivial
fashion. Because of the O(2) symmetry, there is the simple volume relation An(β) =
(β/2pi)An(2pi) which serves to fix An(β).
Fursaev writes, following Donnelly, the general structure of the Dn as
Dn =
n∑
k=1
βPk(β)Gnk (2)
where the Gnk are volume integrals over N of a local expression involving the
curvature (ofM) its covariant derivatives and the two normals associated with N .
The Pk(β) are certain polynomials in B ≡ 2pi/β. They are related to generalised
Bernoulli polynomials and each has the factor (B2 − 1).
We prefer to write in general
Dn =
2pi
B
∑
k
(B2k − 1)Hnk. (3)
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Instead of using more differential geometry, one can proceed by writing down
the general form of the Hnk and finding sufficient special cases to fix the unknown
numerical parameters. We will do this for the D2 coefficient and will reproduce
Fursaev’s formula.
Simple arguments show that the integrand, hnk, of Hnk has dimension L
2−2n
and so its most general form is
h2k = LkR +MkRµνn
ν .nµ +NkRµνρσ(n
µ.nρ)(nν .nσ) (4)
where the L,M,N are independent of the dimension d, so long as the heat operator
is.
Regarding notation, nµi (i = 1 to codimension, = 2 here) are the inward normals
to N . The indices i, j refer to the normal fibre, µ, ν to the whole manifold, Mβ,
and a, b intrinsically to N .
There are no covariant derivatives in (4) so, in order to find the L,M and N ,
it is enough to consider the special case of the cyclically factored d-sphere, Sd/Zq.
Then B = q ∈ Z and (4) becomes
h2k = Lkd(d− 1) + 2Mk(d− 1) + 2Nk (5)
where we have used the fact that the normals nµi are mutually orthonormal. The
fixed-point set is a (d− 2)-sphere and so the integrated expression is
H2k = |S
d−2|(Lkd(d− 1) + 2Mk(d− 1) + 2Nk). (6)
Our curvature conventions are those of Hawking and Ellis [7].
The coefficients in the scalar heat kernel expansion for non-minimal coupling,
ξR, have been determined in Chang and Dowker [6] when ξ equals (d−1)/4d. Since
R is constant, it is easy to find the coefficients in the general case. An equivalent
expression for the minimal value, ξ = 0, follows from our previous work [8].
Excluding the A2 part from the complete coefficient, we find
D2 =
(q2 − 1)
360q
(
(4pi)d/2Γ(d−2
2
Γ(d− 2)
)(
15(d− 1)
(
d− 1− 4ξd
)
− (d− 3)(2q2 − 3 + 5d)
)
=
2pi
q
(q2 − 1)
360
|Sd−2|
(
10d(d− 1)
(
1− 6ξ
)
− 2(d− 3)(q2 + 1)
)
.
(7)
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From (3)
D2 =
2pi
q
(q2 − 1)
(
H2,1 +H2,2(q
2 + 1)
)
=
2pi
q
(q2 − 1)|Sd−2|
(
L1d(d− 1) + 2M1(d− 1) + 2N1
+
(
L2d(d− 1) + 2M2(d− 1) + 2N2
)(
q2 + 1
))
.
(8)
Equating (7) and (8) we find L1 = (1 − 6ξ)/72, M1 = N1 = 0 and L2 = 0,
N2 = −2M2 = 1/360. These values agree with those of Fursaev [1].
It is a general theorem [9,10] that in d-dimensions, if ξ = (d− 2)/4(d− 1), the
total heat-kernel coefficient C
(d)
d/2 is invariant under Weyl rescalings. It is useful to
check this for the present situation.
In four dimensions, setting ξ = 1/6, we have
D2 =
pi
360B
(B4 − 1)
∫
N
h1/2dd−2y
(
2Rµνρσ(n
µ.nρ)(nν.nσ)−Rµνn
ν .nµ
)
(9)
where y are the coordinates and hab the induced metric on N . The curvatures are
those of the embedding space M, evaluated on N .
Under the metric rescaling gµν → e
−2ωgµν we have n
µ → eωnµ and hab →
e−2ωhab, h→ e
2(2−d)ωh.
It is assumed that there are no singularities in the scaling so that angles, in
particular β, are preserved.
Since A2 is, up to a constant factor, the conventional, boundaryless coefficient,
it will be conformally invariant and the total invariance should follow from that of
D2.
Standard formulae give
Rµνn
ν .nµ → e2ω
(
Rµνn
ν .nµ + 2ωµνn
µ.nν + 2∆2ω + 4∆1ω
)
Rµνρσ(n
µ.nρ)(nν .nσ)→ e2ω
(
Rµνρσ(n
µ.nρ)(nν .nσ) + 2ωµνn
µ.nν + 2∆1ω
)
where ωµν = ω||µν + ω||µω||ν .
Looking at (9), we can see immediately that the ∆1ω terms cancel and the
conformal change in h1/2
(
2Rµνρσ(n
µ.nρ)(nν .nσ)−Rµνn
ν .nµ
)
equals
h1/2
(
2ωµνn
µ.nν − 2∆2ω
)
= h1/2
(
2ω||µνn
µ.nν + 2ω||µω||νn
µ.nν − 2∆2ω
)
. (10)
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We now need the relation between the embedding and intrinsic Laplacians
evaluated on a submanifold (of any codimension),
∆2ω + κ.n
µω||µ = ∆̂2ω + n
µ.nνω||µν ,
where κ is the trace of the extrinsic curvature, κab of the submanifold.
The change (10) can then be written
h1/2
(
2ω||µω||νn
µ.nν + 2κ.nµω||µ − 2∆̂2ω
)
,
which should vanish. Indeed the intrinsic Laplacian, ∆̂2ω, does integrate to zero,
but there seems to be a piece left over.
The solution to this dilemma is that a term proportional to κ.κ should be
included in the general form (4), as allowed by dimensions. This term vanishes for
fixed-point sets but must be retained for consistency under conformal transforma-
tions.
Conformal invariance tells us that there is no such contribution to h2,1 but that
h2,2 should be augmented by a term
−
1
2
κ.κ+ λ
(
κ.κ− 2Tr (κ.κ)
)
. (11)
This can be checked from the conformal transformation κab → e−ω
(
κab +
habn
µω||µ
)
, whence κ→ eω
(
κ+ (d− 2)nµω||µ
)
for codimension two.
The parameter λ remains undetermined at the moment because the quantity
in brackets in (11) is conformally invariant in two dimensions.
These general considerations regarding the heat-kernel can be extended to the
higher coefficients and to submanifolds of other codimensions, cf Cheeger [11].
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